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The first year results of WMAP tentatively indicate running of the spectral index as 
well as a deficit of power in the low multipoles in the CMB spectrum. The former can 
be rather easily understood in the noncommutative inflation model, and the latter, as we 
shall show in this paper, still appears to be an anomaly, even though the noncommutative 
inflation model already suppresses the low multipoles to a certain degree. By fitting the 
power spectrum, we determine the string scale to be ~ 4 x 10~^^cm. 
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The first year WMAP observations already provided us unprecedentedly accurate data 
on the CMB power spectrum, Ci has been measured from multipoles Z = 2 to / ~ 600 |l|]. 
The observed temperature power spectrum is in striking agreement with the predictions 
of the inflationary ACDM cosmology, and with observations made prior to WMAP. 

Combined with other experiments, the data tentatively suggest a blue spectrum for 
low k, and a running spectral index. If true, it is quite hard to understand this within the 
framework of the usual field theoretic inflation models. We showed in a previous paper 
that the running of the spectral index is rather easily understood in the noncommutative 
inflation model 0. This result was expanded and reanalyzed in Q. 

The WMAP data also show anomalously small multipole moments compared to that 
predicted by the standard ACDM model 0,0, confirming the observed results of COBE. 
The analysis in suggest that the WMAP data favor a truncation at /cc ~ 3 x 10~^Mpc~^, 
thus favoring new physics, even though a model with /cc = is not strongly excluded. 
Many theorists have proposed various mechanisms to explain the suppression of the lower 
multipoles in the CMB power spectrum anisotropies P-|T3[]. For some earlier work and 



related work, see 14 



In the noncommutative inflation model with a power-law inflation, a macroscopic 
scale, resulting from a combination of two microscopic scales: the string scale and the 
scale governing the inflation, appears and is quite close to the current Hubble scale. This 
recommends itself as a possible indication of new phenomena appearing at this scale. We 
were motivated by this fact to investigate whether there is a relation between this scale and 
the suppression of low multipoles. Unfortunately, at least within this power law inflation, 
the noncommutative inflation cannot account for the suppression. 

The low quadrupole seen by WMAP is suggestive of unsuspected new physics that 
plays a role at large angular scales, if it is not due to the cosmic variance. However, WMAP 
also hints that the standard assumption of an underlying spectrum described by a constant 
index ris may be too simplistic 0. In fact, the large values of dus/dlnk of WMAP rule 
out many models of inflation, this is a very welcome development indeed. Many authors 
have tried to explain the large running of the spectral index with different models in the 
last few months P,p!7[|. Of course, only time will tell us whether the large running of the 
spectral index is not a fake. 

We shall in this paper develop further the work , we will determine the string scale 
by normalizing the power spectrum in the noncommutative power-law inflation model. Our 
result is Is = 3.86 x 10~^^cm, slightly different from that in We also try to fit the whole 
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power spectrum, and find that the low multipoles are suppressed compared to inflation 
without noncommutative spacetime, but not enough to account for the data. 
Spacetime is noncommutative in string/M theory [l^], satisfying relation 



AtAx>/^, (1) 

where t and x are the physical time and space. It is still hard to realize manifestly this 
relation in string theory. On a general ground, if inflation probes physics at a scale close 
to string scale or a related scale, one expects that spacetime uncertainty must have effects 



in the CMB power spectrum [16 



The spacetime effects can be expressed by a new product, star product, replacing 
the usual algebraic product. This product does not affect the evolution of the homoge- 
neous background. Let Uk be the Fourier mode of the scalar perturbation. With certain 
assumptions, the authors of arrived at the following action 

S^V j drjd^k^zlir])iu'_kui - k\-kUk), (2) 



where 



(3) 



where a(r) is the cosmic scale factor, the primes denote derivatives with respect to the 
modifled conformal time 77, as deflned in the above equation, and z = a-jj. Finally, r is 
the time appearing in the following metric 

ds^ = -a'^dr"^ + a^dx^. (4) 

Note that the star product induces shifts ±Z^/c in time, since l//c is the uncertainty in 
space. 

In this paper we investigate only the power-law inflation driven by a single scalar 



fleld with an exponential potential V{(j)) = Vq exp( — A/2/n^/Mp). The scale factor reads 
a{t) = {t /l)'^ = ( (yt^i); )""; and the Hubble constant \s H = n/t so z = a^2/nMp, where 
Mp is the reduced Planck mass, / is a parameter which we will determine by normalizing the 
amplitude of the power spectrum. The power spectrum of the scalar curvature perturbation 
is computed in 0] and reads 

P(h) _ ^ _ ^ ^ > (^) 

^ ' ATV^zlir)) 87r2a2(r)2/2(r,A;)' ^ ^ 



where Ip = r = r(A;) is the time when the fluctuation mode k crosses the Hubble 

radius or when the the fluctuation mode k was created outside the Hubble radius. 

In the noncommutative case, due to saturation of the spacetime uncertainty relation, 
a sufliciently IR mode k is generated outside the Hubble radius. As discussed in H , when 



k = l, Geff, tteff = iPk/f^k ) ^ (6) 

the corresponding mode saturates the spacetime uncertainty, and was created outside the 
horizon. Thus, the creation time is determined by the above relation. This relation can 
hardly be exact, but for now we simply adopt it. 

For large k, the crossing horizon time is deflned through 



z" 



^ = k\ (7) 

Zk 

generalizing the usual relation, the prime in the above equation denotes derivative with 
respect to ry. 

Denote the wave number satisfying both (H) and by /c^, then we call /c < /c^ an 
IR mode and k > kt a UV mode. As we shall see, numerically kt is quite close to Hq^. 
Actually, it is slightly larger than Hq^, so an IR mode just entered our horizon not long 
ago. This fact is quite suggestive, and may be related to the problem of the low multipole 
power. 

The mode k was generated outside the Hubble radius if k < kt and the creation time 

is 

rik)^kq(^l^[ffy\ (8) 

where ks = l~^{ls/l)^, and is related to kc, see eq.(12). kc is another macroscopic scale 
0, this length scale is much greater than the current Hubble scale. Both n and kc were 
determined in using the data of the spectral index and its running. /, on the other 
hand, can be determined only by normalizing the power spectrum, and is flrst done in . 
If /c ^ /cs, we have 

The power spectrum in this case becomes 
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P(,)..4A.*|1-|-^ A) I, (10) 



where 



41:71 o 



Equation (|T0| ) tells us that the spectral index is rig = 1 + 4/(?t, + 1), so in the very IR end 
we have a blue spectrum. 

For a UV mode k > kt and k kc ^ ks, where 

Tl + l 



as defined in 0] , we simply quote our previous results: the time when the fluctuation mode 
k crosses the Hubble radius is 

the power spectrum reads approximately 



4 
n-1 



where 



Requiring P{k = O.OSMpc"^) ~ SA;-2/("-i) ~ 2 x 10"^ for n = 13.17 and kc = 1.65 x 
10~^Mpc~^ (these values are from 0), we obtain I ~ 1.19 x 10~^*cm and Is ~ 4.35 x 
10~^^cm . Our result on Ig is one order of magnitude smaller than the one obtained in 
1^. The above result is obtained using our old results 0, we shall determine all these 
parameters using numerical method in the following, the result will be slightly different. 
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Here we notice that we expand the power spectrum for UV modes in terms [kc/k) "-^ 
which equals 0.071 for k = 0.05Mpc~^ and 0.21 for k = 0.002Mpc~^. We can certainly 
trust the results for k = 0.05Mpc~^. So in order to get better results for smaller k and to 
flt the experimental data in general, we need to compute the power spectrum numerically. 

In the numerical solution, we need to find the kt first. If a fiuctuation mode k was 
created inside the Hubble radius, the time r(A;) when it crossed the Hubble radius can be 
determined by 

/(r,fc) = ^-fc2^0, (16) 

Zk 



here the primes denote derivative with respect to r]. We aheady defined the critical kt 
above, it satisfies the above relation as well as (P). After determining kt, we compute the 
power spectrum for the IR modes and the UV modes {k < kt and k > kt) separately. 
For the IR modes, using equation we have 




dk 



For the second case, using equation (|T^), 

dr _ _df{T,k)/dk 

dk ~ ~df{T, k)/dT' 



(17) 



(18) 



This formula is too complex to be written down here. Armed with these formulas, the 
spectral index and its running can be expressed as 

_ dlnP(fc) _ k f dPjk) dr dP{k) \ 

dink ~ P{k) \~d^ ^ dk~d^ ) ' ^ ^ 

dn^ , f dus dr dns\ 

A; — ^ + — — ^ , (20) 



dink \ dk dk dr _ 
where P{k) has been given in equation (^). 

There are three parameters (/, string scale Is and the power n) in the noncommutative 
power-law infiation. The main constraints from WMAP are the amplitude of the power 
spectrum Pk{k = 0.002Mpc"^) = 2.09 x 10"*^, the spectral index ns{k = 0.05Mpc"^) = 
0.93tJ5;[j3, ns{k = 0m2Mpc-^) = 1.20i2;}i, and the running of the spectral index 
dns/dlnk{k = OmMpc'^) = -Omitomj, dns/d\nk{k = 0.002Mpc-i) = -0.077ljj:jj^^. 
We will not try to tune three parameters to best fit the experiments data. Rather, we fit 
the data by picking n = 12, Z = 2.15 x 10~^^cm and Ig = 3.86 x 10~^^cm. The critical wave 
number is then kt = 11.9 x 10~'^Mpc~^ (slightly larger than Hq = 4.6 x 10~^Mpc~^). We 
show the numerical results in Figure 1, 2 and 3. If we dial n downward, the running of 
the spectral index becomes larger. The effects of noncommutative spacetime in a general 
inflation model will be discussed elsewhere, and it is found that one of the slow-roll pa- 
rameter e and the noncommutative parameter control the running of the spectral index, a 
larger e results in a larger running. 
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Figure 1. Pk is the amplitude of the power spectrum and k is the comoving mode. 
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Figure 2. Ug is the spectral index and k is the comoving mode. 
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Figure 3. dng/dlnk is the running of the spectral index and k is the comoving 
mode. 

^From Figure 2 and 3, we read off 

Us = 0.956, — = -0.0325 at /c = 0.05Mpc-^; (21) 
dmk 

and 

Us = 1.093, = -0.0632 at k = 0.002Mpc-^ (22) 

dmk 

These results fall within the error bars of the WMAP data. One can certainly improve 
these results, but the main conclusion will not change: the noncommutative power-law 
inflation model can fit the tentative running spectral index data of WMAP, and the string 
scale so determined is about 10~^^cm, 4 order of magnitude larger than the Planck length. 

Although it is not easy to explain the great difference between the Planck scale and the 
string scale in the perturbative string theory (the Planck scale is related to the string scale 
by Ip = in the perturbative heterotic string theory), it is not hard to tune 

the string scale all the way up to 10~^^cm in type I compactifications and nonperturbative 
heterotic string theory. Although our result is rather tentative, it offers some promise 
to determine the string scale experimentally. Doubtlessly, further experimental data will 
bring forward more surprises, and hopefully consolidate the existing tentative results on 
the running spectral index. 

Finally, our result on the CMB angular power spectrum is shown in Figure 4. We 
see that the noncommutative effects indeed suppresses the low multipoles, but not to the 
degree required by the WMAP results. 
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Figure 4. The CMB angular power spectrum of the spacetime noncommutative 
power-law inflation. The dashing line is our model and the green solid line is the Best 
fit PACDM model, P stands for power-law. 

We emphasize that our analysis and results are different from those in in some 
technical details. 

The results presented here, as in and are exclusively on the noncommutative 
power-law inflation. A general analysis on noncommutative inflation based on the scheme 
of will be presented elsewhere. Also, it would be interesting to study the general 
consequences of noncommutative spacetime for inflation without resorting to a deflnite 
scheme. 

We conclude that the running of the spectral index of the CMB power spectrum may 
strongly indicate that new physics such as noncommutative spacetime in string theory 
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operated during inflation, and that if the deficit of the power for low multipoles is true, 
still more new physics is required. We are eagerly waiting for new data from WMAP which 
may or may not consolidate both of these surprising features. 
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